KERNEL FUNCTION AND QUANTUM ALGEBRAS 



B. FEIGIN, A. HOSHINO, J. SHIBAHARA, J. SHIRAISHI AND S. YANAGIDA 

Abstract. We introduce an analogue Kn{x, z; q, t) of the Cauchy-type kernel function for the Mac- 
donald polynomials, being constructed in the tensor product of the ring Af of symmetric functions 
and the commutative algebra A over the degenerate CP^. We show that a certain restriction of 
Kn{x, z; q, t) with respect to the variable z is neatly described by the tableau sum formula of Macdon- 
ald polynomials. Next, we demonstrate that the level m representation of the Ding-Iohara quantum 
algebra U{q, t) naturally produces the currents of the deformed Wq,p{5in)- Then we remark that the 
Kn{x, z; q, t) emerges in the highest-to-highest correlation function of the deformed Wg,p(s[„) algebra. 



1. Kernel function 

1.1. The algebra A. We briefly recall the definition and the basic facts about the commutative 
algebra A introduced in [FHHSY]. Let qi,q2 be two independent indeterminates and set (73 := 1/(71^2 • 
We also use the symbols F := Q(gi, ^2), N := {0, 1,2,...} and N+ := {1, 2, . . .}. 

For n, A: € N+, we define two operators d^^'^\d^°°'^^ acting on the space of symmetric rational 
functions in n variables xi, . . . , x„ by 

[n — k)\ g^-o 

Q{oQ,k) . J ^ liui f{xi,...,Xn-k,(.Xn-k+l,^Xn-k+2,---,^Xn) 

[n — K)\ 5^00 

whenever the limit exists. We also set d^^'^^c = 0,d^°°'''^c = for c € F. Finally we define d^^'^^ and 
Qioofl) ^Yie identity operator. 

Definition 1.1. For n € N, the vector space An = An{qi,q2, qs) is defined by the following conditions 
(ii)) (iii) and (iv). 

(i) Ao:=¥. For n G N+, G A „ is a rational function with coefficients in F, and 
symmetric with respect to the Xj's. 

(ii) For nGN, 0</c<n and f & An, the hmits 8^°°''^^/ and d^^'^^f both exist and coincide: 
Qioo,k)f ^ ^{o.fc)^' (degenerate CP^ condition). 

(iii) The poles of / S An are located only on the diagonal {(xi, . . . ,Xn) \ 7^ j,Xi = Xj}, and 
the orders of the poles are at most two. 

(iv) For n > 3, / € An satisfies the wheel conditions 

f{xi,qiXi,qiq2Xi,Xi, . . .) = 0, f{xi,q2Xi,qiq2Xi,X4, . . .) = 0. 

Then we set the graded vector space A = A{qi,q2, qs) '■= ©„>o ^n- 

Definition 1.2. For an m-variable symmetric rational function / and an n-variable symmetric 
rational function g, we define an (m -|- n)-variable symmetric rational function f * g hy 



if * g)ixi, - ■ ■ ,x„i+n) :=Sym 



f {x\ , . . . , Xni)g{Xm^\ 1 • • • 1 Xm+n 



l<a<m 
m+l<l3<Tn+n 



XI) 
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Here ijj{x,y) is the rational function 

I ^ ( N {x - qiy){x - q2y){x - qzy) 

uj{x,y) = uj[x,y;qi,q2,q3) ■■= 7 To , (1-2) 

[x - vY 

and the symbol Sym means Sym(/(xi, . . . ,a;„)) := (1/n!) I]^ge„ /(^^(i), ■ ■ ■ 

Fact 1.3 ([FHHSY, Theorem 1.5]). A is closed with respect to *, and the pair {A,*) is a unital 
associative commutative algebra. The Poincare series is ^^>Q(dimF ^)z"' = nm>i(-'- ~ z"^)"^- 

1.2. The ring Ap of symmetric functions. As for the notations and definitions concerning the 
partitions, we basically follow the notation in [M]. A partition of n € N is a sequence A = (Ai, A2, • • •) 
of non-negative integers satisfying Ai > A2 > • • • • We define | A| := Ai + A2 + • • • , ^(A) := #{i | Aj 7^ 0}, 
and write A h n if |A| = n. We denote the conjugate (transpose) of a partition A by A'. We 

work with the dominance partial ordering defined as : X > /J, |A| = |//|, Ai + • • • + Aj > 

fii + ■ ■ ■ + fii for all i > 1. 

We recall some basic facts about the ring of symmetric functions. As was in [FHHSY], we set qi = 
q~^,q2 = t (hence ^3 = qt~^) and F = Q(gi, ^2) = Q(<?, t)- Let Ap be the ring of symmetric functions 
over the base field F, constructed in the category of graded ring with the projection operators 

Pm,n ■ fixi,...,Xrn) ^ f (xi, . . . , Xn, . . . , 0) . 

Let Pn{x) := J2i^i be the power sum function. For a partition A = (Ai,A2,...), the monomial 
symmetric function is defined by Tnx{x):=Y^^ x°', where a runs over all the distinct permutations of A. 
The elementary symmetric function e„(a;) is defined by the generating function E{y) ■=Ylii'i^ + Xiy) = 
En>o en(x)y". Set G{y) —Udit^iy, q)oo/ {xiy; q)oc} = En>o 9n{x; q, t)y'\ where (x; ^)oo ■=Ui>o(.'^ - 
q^x). For a partition A = (Ai, A2, • • •) set p\ := PA1PA2 ' ' ' • Similarly we write e\ := ex^ex^ ■ ■ ■ and 
9\ '■= g\ig\2 ■ ■ ■ ■ It is known that {px}, {mx}, {e-x} and {gx} form bases of Ap. 

Recall Macdonald's scalar product {px:Pti)qt ^\,fj,Y\i>ii"^^iT^i 'ni>i(l -^^0/(1 -i^O, where 
rrii denotes the number of parts i in the partition A. For any dual bases {ux} and {vx}, we have 

U{x, y- q, t) := J] J^fi^ = E ->^i-)My)- (1-3) 

It is known that {mx} and {^a} form dual bases, namely we have {nT'X,gfi)qt = (^a,//- 
Macdonald polynomials Px{x] q, t) are uniquely characterized by (a) the triangular expansion Pa = 
^\ + E,x<A «Am"^(U {axij. e F), and (b) the orthogonality (Pa, Pfj.)q^t = if A / /x. 
Se set 

bxiq, t) := {Px{z; q, t),Px{z- q, t))-^, , Qxiz; q, t) := bx{q, t)Px{z; q, t). (1.4) 
Then {Qx} forms a dual basis to {Pa}- 

1.3. The isomorphism l : Af ^ A. Both Ap and A are commutative rings having the same 
Poincare series X]ji>o(diniF Ap)2;" = J2n>o('^^^^ = nm>i(-'- ~ where A|; denotes the 
ring of symmetric functions of degree n. Moreover it was shown in [FHHSY] that there is a natural 
way to identify Af and A from the point of view of the free field construction of the Macdonald 
operators. Based on the finding in [FHHSY] we give an isomorphism l : Ap ^ A as follows. 

For pe¥, let 

/ ^ TT {zi-pzj){zi-p-^Zj) 

en{Zl,Z2,...,Zn;p):= [[ / _ ^ ,2 ^' i^'^) 

l<i<j<n ^ ' ^' 

and set ex{z',p) '■= (cai * ex2 * ' " * ^Xi)iz;p) for a multi-index A = (Ai, A2, . . . , A;). 

Fact 1.4 ([FHHSY, Propositions 2.20 k 2.23]). For i = 1,2,3, {ex{z;qi)}xhn forms a basis of An- 
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Let US write the expansions of P\ in the bases {e^j} andlgi^} by 

P\{z;q,t)= ^d)^^{q,t)e^{z;q,t), Px{x;q,t) = ^cl~^^{q,t)gi^{x;q,t). (1.6) 

A detailed study of the algebra A with the help of the free field representation allowed us to establish 
the following equality. 

Fact 1.5 ([FHHSY, §3 E]). Set the next two elements in A. 

fr\-^1^t) ■■= n-I-lllAI. -ir{<l,t)e,{z;q)-^ (1.7) 

^'-^ = (13^ i: ^^r ('^^ oe.(.; *) (1.8) 

Then we have fi'>''\z; q,t) = ft\z-q,t)\ 

Definition 1.6. Let Fx{z-q,t) := ff'\z;q,t) = f^^\z;q,t). 
Definition 1.7. Define the isomorphism i : Af — )■ ^ by 



t-|A| 1 

^^"^) = (i-t-i)iAi nfi^^A/ '^'''^' 



Proposition 1.8. (1) We have 



(_1)-|A| 1 
(1 - q)W Y]^M A-! 



{2) We ha^ve L{Px) = Fxiz;q,t). 

Proof. (1) By the Wronski relation given in [FHHSY, Proposition 3.11]. 

(2) By (1.6) and the definitions of l and Fx. □ 

Remark 1.9. To explain the importance of the element Fx{z;q,t), we recall the Gordon filtration 
on A. For p e¥ and A = (Ai, . . . , A;) h n, we defined a linear map 

<P? ■■ An ¥{yi,...,yi) 

f{zi,...,zn) ^ f{yi,pyi, - ■ ■ ,p^^~^yi, 

yi,pyi ■ ■ ■ ,p^'~^yi), 

called the specialization map. The Gordon filtration is given by -4^'^'^^ := Cl^^x '^^^'^ ^ = 1)2, 3. 
Then by [FHHSY, Theorem 1.19] , ^ n A^^\, is one dimensional and is spanned by Fx{z;q,t). 

1.4. The kernel function. Now we are ready to study the kernel function from the point of view 
of the algebra A. 

Definition 1.10. Introduce Kn{x, z; q, t) G Ap (g) An as 

Kn{x,z;q,t) ■.= ^Qx{x)Fx{z;q,t). 

Ahn 



^Note that the first and second Unes of Page 25 in [FHHSY] contains typos and should be read as (1.7) and (1.8). 
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Remark 1.11. The name "kernel function" comes from Il[x,y) in (1.3). By Proposition 1.8 (2), we 
have, in a suitable completion of Ajr (g) A, 

where A runs over all the partitions of every non-negative integer. Thus Kn is a homogeneous 

component of the analogue of Il{x,y). 



Proposition 1.12. In Af A we have 



Proof. First we show 



^ Ahn lli=l '^i- 



fi<X 



(1.10) 



(1.11) 



Since {Q^{x; q,t)} is a basis of Ap, we can expand mx{x) = ^^i^CuxQuix'jqjt) with c^x € IF. Then 
the pairing {mx,Pf,)gt is calculated as (?nA,-P^)gj = {J2uC^xQAz;q,t),PfM)g^^ = Cf,x, where we 
used the fact that {Pa} and {Qx} are dual. On the other hand, by (1.6), we have (mA,-P^)gj = 

'^A) X^i/>/i c^t^^(9) Os'/i) — '^fiX^i^j^)- Comparing both expressions, we obtain (1.11). 



Then we have 



q,t 



|A|! 



A,:! 



A>/i 



lli=l ixhn 



□ 



Consider the case of finitely many variables and set x = {xi,X2, - ■ ■ , x^). Also let 2; = {zi,Z2, - ■ ■ , z^) 
be the set of variables for the elements in An. 



Proposition 1.13. We have 

-f^n(a;,2;;g,t) = T^-— 7^ E E E -^^i^^a H 7ic„i0{Za,Zp;q,t), 



m m 



(1.12) 



21=142 = 1 «n = l 

where the function ^ij(z,w;q,t) is given by 

' (z — tw){z — t~^w) 



l<a<l3<n 



jij{z,w;q,t) := < 



(z — 

(z - q-^-w)(z - lw)(z - ql^'^iv) 

{z ~ w)^ 
{z — qw){z — t^^w){z — q~^tw) 

{z — w)^ 



i < j, 



i > j. 



(1.13) 



Proof. Note that we have 

7i,j{z,w;q,t) = < 



e2{z,w;t) i=j, 
uj{z,w-q-^,t,qt-^) i<j, 
u{z,w;q,t-^,q-^t) = uj{w, z;q-^ ,t,qt-^) i > j, 



(1.14) 
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which is obtained from (1.2), (1.5) and (1.13). Thus we have 

rn in rn 

*l=l«2=l «n=l l<a<fi<n 

m 

h,...,Im k=l l<i<j<m aeli,l3elj 

where Ifc (A; = 1, 2, . . . , m) is a subset of {1, 2, ... , n} such that \Ik\ = a^, IiUl2U- • -Dim = {Ij • • • , n}. 
Using the multi-index notation a = (ai, . . . , a^) G N"*, we have 

with \a\ := ai + ■ ■ ■ + am- Applying &m on the running index a and averaging them, we have 

■ cre6,„aGN",|a|=n 

Dividing (3^„ by the stabilizer Stab(a) of a € N™ and using the commutativity of A, we have 
= 1 #Stab(a)j^( E x'<"))e„(.;t). 

aGN™,|aI=n « CTG6m/Stab(a) 

Then we obtain the result by taking a partition A as the running index. □ 

1.5. Macdonald's tableau sum formula. We recall the tableau sum formula for the Macdonald 
polynomials. 

Let Tb(A; m) denotes the set of all the ways of drawing numbers 1, 2, . . . , rn into the Young diagram 
of shape A without any conditions. Reading the numbers from left to right then top to bottom, namely 
in the English reading manner, we get a bijection between Tb(A; m) and the set {1,2,..., m}". 

Let RTb(A; m) denotes the subset of Tb(A; m) in which the numbers in each row are arranged 
in non-decreasing manner. The element of RTb(A; m) is uniquely specified by the set of numbers 
9ij which denote the number of j in the i-th row. We have Aj = Yllt=i ^i,k for 1 < i < n. Next 
we introduce a sequence A^-'^ = (A^''^ Ag'^^ . . .) by setting X^-'^ := Ylk=i It is clear that we have 
= a(°) C A(^) C • • • C A("*) = A. Note that A^-?) may not be a partition. 

Let SSTb(A; m) be the set of semi-standard tableaux. A semi-standard tableau T is expressed as 
a sequence of partitions = A*^"-* C A^"^^ C • • ■ C A'^'") = A, where the skew diagrams 
(fe = 1, 2, . . . , m) are horizontal strips. We have Oij = for i > j, Aj = Yli'k=i for 1 < i < n, and 

< Oij < Xi — Ai+1 — ^ {6i^k — di+i,k) 

k=j+l 

for 1 < i < j < ^(A). 

It is known that the bx{q,t) in (1.4) has the factorized form. 

Qxix;q,t)=bx{q,t)Px{x;q,t), bxiq,t) = [[ ^ a(s)+i^^(s) ' (^•^^) 

where for a box s = {i,j) of A, a{s) := Aj — j is the arm-length and i{s) := A^- — i is the leg-length. 
The Px{x; q,t) has the tableau sum formula: 

Px{x;q,t)= E x'^iljT{q,t). 
rGSSTb(A;m) 
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Here the coefficient ijj{q,t) G F is determined by 

m 

ipT{q, t) := Yl V'aW /A(*^-i) Oi 

The next proposition is obtained by simple combinatorics, and we omit the proof for lack of space. 

Proposition 1.14. Let T G RTb(A;m) \ SSTb(A;m) and regard T as a sequence A^-^^ explained as 
above. Then iljT{q,t) calculated from (1.16) vanishes. 

1.6. Tableau sum formula and Kn{x, z;q,t). Now we investigate the relationship between the 
function Kn{x, z; q,t) and the tableau formula of Macdonald polynomial. We fix a natural number 

m and consider the case x = {xi, . . . , Xm)- 

In order to state the main result, we need to consider the composition of the specialization maps 
(p^^ of (1.9). For a partition A = (Ai, . . . , A^) of n and C G F, we define the map ip^P by 

^f^=^[f)o^f : ¥izi,...,zn) F(y) 

f{zi,...,Zn) tH- f{y,q-^y,...,q-^^'-^^y, 

Cy,q-Hy,...,q-^^'-'\y, (l-^^) 

C'\,q-\'-'y,...,q-^^'-'k'-'y)- 

Here the map ip^^^ denotes the substitution ^'^^^g{yi-, ■ ■ ■ ,yi) = g{y, Cy, ■ ■ ■ , C'~^y)- 

Theorem 1.15. For partitions fi, A of n, ip^P {F^j^/ F\) is regular at ^ = t and its value is ^a,/*- 
Our proof uses the tableau sum formula of P\{x] q, t). Let us express the statement as 

C-s-t ±<x{Z,q,t) 

Then by using Proposition 1.12, it can be rewritten into the next equivalent form. 

y ^(c)Kn{x,z;q,t) ^ , ,qx 
p(,.„f\ =Qx{x;q,t). (1.18) 
C^t l<x[z,q,t) 

Regard T = {ii,i2, - ■ ■ , in) £ {1; 2, ... , m}" as an element of Tb(A; m). For simplicity we set 

7t(2):= Yl -fi^^i^{za,zi3;q,t). 

l<Q</3<n 

We also use the same symbol for the cases T G RTb(A;m) and T G SSTb(A;m). By Proposition 
1.12, (1.18) is equivalent to 

It is easy to see from the definition of 7ij that all the terms with T G Tb(A; m) \ RTb(A; m) vanish 

after the first specialization (f^^ ^ . Thus we may replace 5^TeTb(Am) SreRTb(Am) ■ 
Hence it is enough to show that for T G RTb(A; m) we have 

lim^P-^M^ = b,iq,t)Mq,t). 



(l-g)"n!c^t^^ Fxiz;q,t) 
We prove this in two steps. 
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Proposition 1.16. Let D G SSTb(A; m) given by 6i^i = Aj and 9ij = for i 7^ j. Then we have 

77^^^ li- -E?^^ = bxi,, t), (1.19) 
lim^P^=^T(c?,i). (1.20) 

Proof. The proof is postponed until §3.1. □ 

2. DiNG-IOHARA ALGEBRA AND KERNEL FUNCTION 
In this section ah objects are defined on F := Q{q^/^,t^/^). We will also use p := q/t. 

2.1. Review of the Ding-Iohara algebra U{q,t). Recall that the Ding-Iohara algebra [DI] was 
introduced as a generalization of the quantum afHne algebra, which respects the structure of the 
Drinfeld coproduct. In [FHHSY, Appendix A], the authors introduced a version U{q,t) of the Ding- 
Iohara algebra having two parameters q and t. 

Definition 2.1. Set 

g{z) := G^iz) := (1 - q^'z)il - t^h){l - q^H^'z). 

Then we define U{q, t) to be a unital associative algebra generated by the Drinfeld currents 



^z-\ 



X^{z) = ^X^Z-\ ^^iz)= ^ V: 

neZ itneN 

and the central element 7^^^^^, satisfying the defining relations 

^^{z)iIj^{w) = iIj^{w)^^{z), ilj+{z)ip-{w) = ^P^^^^^iIj-{w)iIj+{z), 

5(7 '-W/Z) 

'tp'^{z)x^{w) = g{'j'^^^'^w/z)'^^x^{w)tp'^{z), 2Ij'~{z)x^{w) = g{'^'^^/'^z/w)^^x^{w)'4>~{z), 

[x+{z),x-{w)] = (1 - - lA) (^(^-i^/^;)^+(y/2^;) _ 5{^z/w)i)-{^-'^l^w)), 
i — q/t 

G^{z/w)x^{z)x^{w) = G^{z/w)x^{w)x^{z). 

Fact 2.2 ([FHHSY, Proposition A. 2]). The algebra U{q,t) has a Hopf algebra structure with 
Coproduct A: 

A(7±i/2) = ^±1/2 ^ ^±1/2^ A{x+{z)) = x+{z) 1 + V'"(7(V)^^) ® ^+(7(1)^), 

A(V±(^)) = V'^(7(tJ^'^) ® V'^(7(TJ^'^), A(x-(z)) = x-{j^2)z) V'+(7(2)'^) + 1 ® 

where 7^^^''^ = 7^^/^ (8) 1 and 7^^^^ = 1 (8) 7=*=^/^. 
Counit e: 



Antipode a: 



r(7±V2) = l^ £(V;±(z)) = l, £(x±(z))=0. 



a(7±i/2) = ^Ti/2^ a(x+(z)) = ~iJj-{-f'^/^z)-^x+{-f-h), 
a{ip^{z)) = tp^{z)-\ a{x-{z)) = -x-{j~'^z)^+{j-^/^z)-\ 
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2.2. Level one representation of U{q,t). We say a representation of U{q,t) is of level k, if the 
central element 7 is realized by the constant {t/q)^^'^ = p"^/'^. 

Fact 2.3 ([FHHSY, Proposition A.6]). Consider the Heisenberg Lie algebra f) over F with the 
generators a„ (n G Z) and the relations 

1 - qI'"! 

Let \)-^ (resp. f)^'') be the subalgebra generated by a„ for n > (resp. n < 0). Consider the 
one dimensional representation T of f}-*^, where a„ (n > 0) acts trivially and cq acts by some fixed 



[am, On] = _ ^1^1 (^m+n.O Oq- (2.1) 



element of Then one has the induced Fock representation /':=Ind|:>o F of f). Let us also introduce 



l" 

the following four vertex operators [FHHSY, (L7), (3.23), (3.27), (3.28)] 



r}{z) := exp ( ^ — - — a_nz") exp ( - ^ ^^""^ ") ' 

n>0 n>0 

^(z) := exp ( - ^ l:i£!p-n/2^_^^n j 1^ J2 ^^p-/^anz-^) , 

n>0 ri>0 

<p+iz) := exp ( - ^ 1-^(1 - p-^)p^/^anz-^) , 

n>0 

^ 1 f—n , 

^-(z) := exp - p-)p"/4a_,z«). 



n>0 

Then for a fixed c G , we have a level one representation pc{-) of U(q, t) on by setting 

Pc(7^'/')=P^'/', Pc(V'^(^)) = 9'^(^), Pcix+iz)) = cr^{z), p,ix-iz))=c-'az). 
Remark 2.4. We can rephrase this fact as follows. Let us define 6„'s by the expansion of i/j"^: 

i;+{z) = Vo+exp (+^b^r^^z-A , i;~{z) = V^q" exp (-J^b-n^^^zA . (2.2) 

V n>0 / \ n>0 / 

Then we have 

[6„, 6„] = -(1 - q-'^)il - r)(l -p'")(7™ - 7-'")7-'™'<5™+n,o, (2.3) 
m 

and the coproduct for 6„ reads 

A(6„) = 6„0 7-H + 106„. (2.4) 
Then the representation pc is given by 7=*=^/^ h-)- p^^/^ and 

^(pl"l/'-p"l"l/')an, V'o^^l, x+(z) ^ cr?(z), x-(z)^^c-ie(^). 

\n\ 

Definition 2.5. Consider the m-fold tensor representation py^ ® ■ ■ ■ ® py^ on for m G Z>2. 

Define A^"^) inductively by 

A(2) := a, A^"*) := (id ® • • • ® id ® A) o A^'"-^) . 
Since we have py^ <^ ■ ■ ■ ^ Pym^^^Hl) = 7(i) ' ' ' 7(m) = p~'^^^, the level is m. We also define 

Pyi ® • • • ® ° A(-) : U{q, t) ^ J^-. (2.5) 



P 



y 
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Lemma 2.6. We have 

m m 

i=l i=l 
where the Ai(z), k*{z) are defined to be 

Ki{z) := ^-{p-^'^z) (g) 99-(p-3/S) ®---® O ?7(p-('-^)/2^) «) 1 • • • (g) 1, (2.6) 

A*(z) := 1 ^ • • • 1 ^ ® ®---® ^+{p-^'^z), (2.7) 

where rj{p~'^'^~^^/'^ z) and ^(p^(™^*)/^z) sit in the i-th tensor component. 

Proof. By the definition (2.5), Fact 2.3 and Remark 2.4. □ 
2.3. New currents t{z) and t*{z). 
Definition 2.7. We define 

t{z) •-a{z)x+{z)P{z), t*{z) := a{p-^z)-'^x-{p-^j-h)P{j-'^p-^z)-\ (2.8) 
Here we used auxihary vertex operators 

a(.):=exp(-^--— ^(^) := exp ( --— ,6„.-) . (2.9) 

n=l ' ' n=l ' ' 

Here the part 1/(7" — 7~") is considered to be the formal power sum 
Remark 2.8. The definition of t*{z) can be read as 

t*{^pz) = a{jz)-^x-{z)P{j-^z)-'^. 
This form is convenient in the actual calculations. 

Proposition 2.9. (1) The elements t{z) and t*{z) commutes with a{w), (3{w) and ip'^{w): 
[t{z),a{w)] = [tiz),Piw)] = [t*{z),a{w)] = [t* (z), I3{w)] = 0, 
[t{z),i;^{w)] = [f{z),i^^{w)]=0. 

(2) Set 

.(.):^exp(fi ''--'"'<'-/3„-^-"^--' .~), ,.10) 

n=l 

where the part 1/(1 — 7"^") is considered to be the formal power sum X^i^o^"^*"- Then we have 
A{f)t{z)tiw) - A{^)tiw)tiz) = iln^ii-E!) [<5(p-i^)t(2)(z) - S{p^)t^''\w)], (2.11) 

A{f)e{zr{w)-A{^)t%wr{z) = ^±l±^^^[6{pf)t<^){z)-6{p-'f)t<'\w)], (2.12) 

where 6{z) := 2" + z"^ Yln& formal delta function, and 

t^'^\z) := a{pz)a{z)x+{pz)x+{z)p{pz)p{z), 
t<'^\z) := a{jpz)-^a{jz)-^x-ipz)x-iz)(3{j~^pz)-^P{j-^z)-\ 

(3) As in (2), set 

B(.) :^ exp ( f 1 - - '-Hp-':;;" - P-T-'") p i3) 

n=l 
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Then 

B{f)t{zr{w)-B{jV^)t*iw)tiz) = (1 - - t-') _ s{r'p-"fW)) • (2.14) 

Proof. See §3.2. □ 



In the next subsection we show that the currents t{z), t*{z) are connected to the reahzation of 
deformed W algebra in the Fock representation of U{q, t). 

2.4. Deformed algebra Wq^p{slm)- We basically follow the description of Wq^p^slm) in [FF, §4]. As 
for the connection between the singular vectors of the Wq^p{5lm) and the Macdonald polynomials, 
sec [SKAO, AKOS]. 

Definition 2.10. Set 

M.) := exp ( f 71^;:-"" . 

n=l ^ 

Remark 2.11. Our functions A{z) and B{z) give special cases of this function under Py^\ that is, 

= h,m{z), P^J^\B{z)) = fm-lM- 

Definition 2.12. Set 

T{z) = T,{z) :=pf T*{z) = Tt{z) := p^^\t* {z)) . (2.15) 

Let us also define 

Hz) := pM(«(z))A,(z)p(™)(/3(z)), A*(z) := pM(a(p-iz)-i)A*(p(— 2)/2^)pM(;3(^-2p-i^)-i). 

(2.16) 

Then by Definition 2.7 and Lemma 2.6 we have 

m m 

T,{z) =^y^A^{z), n{z) = ^yr^A*iz). (2.17) 

i=l 1=1 

For ? = 2, . . . , m, we further define 

Ti{z):= J2 yjiyh---yji-H{^)^j2{^p)---^jii^p'~^)-, (2-i8) 

l<ji<-<ji<m 

T*{z) := yl'yJ.' ■■■yJ-' k*,{z)k*^{zp-') ■ ■ ■ h^zp-'^') ■. . (2.19) 

l<ji<—<ji<m 

Proposition 2.13. (1) The operator product of Ki{z) and ^^j{w) is given by 

fi,m{'^)H^)Ajiw) =: Ai{z)Aj{w) : x I j^{z,w;q,p) i < j, (2.20) 

j-{z,w;q,p) i>j. 

Here we used the symbol 

(z — q~^w)(z — qt~^w) , , iz — qw)(z — q'^tvS) , 

7+ V^^T^^TT^' 7- ^,^;g,^ ^ , \ \ . ■ 2.21 

\z — w){z — t ^w) {z — w)[z — tw) 

(2) We have 

:A,{z)A2{pz)---A^ip"'-'z) := 1. 

Therefore Tm{z) = 2/12/2 ••• 
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(3) The Aj(z) and A.j{z) are connected by the following equation. 

fe— 1 m 

AUz) =: n Hp'-'z) n Hp'-''^) ■■ ■ (2-22) 

i=l l=k+l 

Thus we also have 

T^z) = y^'y^' ■ ■ ■ y-'Trn-ii^). (2.23) 

(4) The operator product of (z) and (w) is given by 



/i,m(f )A*(z)A*H =: A*(^)A*H : x <J 

(5) We have 



1 i = j, 

l-{z,w;q,p) i<j, (2.24) 
j+{z,w;q,p) i>j. 



■.k\{z)kl{p-'z)---Kn{p-^+'z) :=1. 
Therefore T^{z) = y^\^^ ■ ■ ■ y-\ 

Proof. See §3.3. □ 
Proposition 2.14. We have 

h,m{f)Ti{zm{w) - hAp'-'^i^mz) = ^^~f^~^~'\ 5ip-'f)T,+,{z) - 6{p^f)T,+,{w)], 

(2.25) 

fl,m{j)Tm-l{z)T,n-l{w) - h,m{^)Tm-l{w)Tm-l{z) 

(l-q-^)(l-t) 1 (2.26) 

= i _p-i i^(PT)T2iz) - S{p-'^)T^{w)]. 

Proof. (2.25) follows from (2.17), (2.18) and (2.20). See [FF, Theorem 2] for detail. 

(2.26) is also shown by the same method using (2.23), (2.19) and and (2.24). □ 

2.5. Deformed W algebra and kernel function. Our final consequence of this paper relates the 
vacuum expectation values of the deformed algebra Wq^p with the finite kernel function. 

Theorem 2.15. Let |0) be the vacuum of J", that is, oq |0) = |0) and a„ |0) = for ra > 0. Let (0| 
to be the dual vacuum. We denote the tensor 10)®"* G jr(^m ^y. ^j^g game symbol |0). We use the 
similar abbreviation for the tensored dual vacuum. Then, denoting y = [yi, . . . , ym), we have 



7j3^ n/i.-(^^/^^) ^1(^1)^1(^2) • --T.izn) |0) = Kn{y,z;q,p). 
Proof. This follows from (2.17), the operator product (2.20) and the definition (1.12). □ 



^It seems that [FF] contains some typo. In (6.2) of that paper, the term fm,N{-^) should be fm,N{p^ '"^)- 
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3. Proofs of the propositions 
3.1. Proof of Proposition 1.16. Using the 7± defined in (2.21), we have 

u{z,w) uj{w,z) uj{w,z) -f-(z,w;q,t) 

- 'j+{z,w;q,t), — =-y-{z,w;q,t), — ^ = — (3.1) 



ef{z,w) e^^>{w,z) u{z,w) ^+{z,w-q,t) 

For later purpose, we prepare the following formulae. Let and p be natural numbers. Then 

1 — tz/w \ ^ (qz/w) 



\<i<j<e 



n l.id-z, q^t)=[ ^ (3.2) 



n T-(r'.,r^w;,.t)= Y(3£lll^ (3.3) 

^ 1 — qt ^z/w J [z/w)" 



i<i<j<e 
p 



TT TT / -/ -k ,\ (Q ^w/z)g (qt ^w/z)^ ,„ 



1=1 k=l 



e P 



{w/z)e {q~p+H-^w/z)e 

{qP-^+^z/w)e {q-^tz/w)e 
{q-'^+^z/w)e {qp-Hz/w)e 



(3.5) 



(g P+^w/z)g [tw/z)e 



=1 k=l 



{q-'z/w)e {qP-'+H-^z/w)e 



{qp-<^z/w)e {q-^+H-^z/w)e ■ ^^■'''^ 
Here we used {u)n := {u; q)n = nr=i(-'- ~ uq^~^). These equations are checked by simple calculations. 
3.1.1. Proof of (1.19). By (1.7) we have 



'j^F,{z-q,t) = Y.;iri'i^^y.i-^'i) 



ii>\' lli=i Ml- 

Recalling the argument of [FHHSY, Proposition 2.19], we find that under the specialization ip^^ ^ 
only the term e\i in Fx{z;q,t) survives and the other terms e^^ vanish. The specialization result is ^ 



llh=l\- TT 



A'- A' 



j=l l<j<k<e{X') a=l /3=1 

TT^(A) / , ^A) ^(A) 

1=1 a=l l<i<j<Xa 



l<a<IS<e{\) l<i<i<\p 



We also note that djj\^{q,t) = 1. 



lj=A/3 + l 

A' A 



^This expression is given at the last equation in the proof of [FHHSY, Proposition 2.19], although it contains a 
typo. The range "1 < j < fe < Z" of the third product should be "1 < j < fe < ^(A')" 
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Recalling (1.14), we can also calculate the first specialization ip^^ ^ of the numerator in (1.19) as 

^A) ^(A) ^(A) A„ 

^f'^Diz) = [n n e2(g-^9-^■;^)] [n n nn'^(rta,g-^y/5)_ 

fe=l l<i<3<\k «=! /3=Q j=l j=l 

€(A) 

= [n n ^2(g-\g-^;i)] n [( n '^(«"Va,rt/3))( n ^{I'^vo^^i'^v^)) 

k=ll<i<j<\k l<a<0<e{\) i<i<j<Xp i<j<i<>^i3 

(11 n '^(rta,g"^y/3))(n^(rta,rt/3)) 

j=li=A;3+l i=l 

Thus we have 

(l-g)"n!^^ i^A(^;9,i) Vl-^/ H i<4<A„ '^(9"'+ V, «-^+'y/3) 

n'/ -TT ^(g~'"^^ya,g~^"^^?//3) w-n- -pj- Cj(g~J+^j/a,g~^+^j//3) . . ^(j/a,^/?) xA^ 
l<a</3<£(A) l<i<j<Xfi ^ ' «=1 i=A/3+l ^'^'^ ^2 \yi3:ya) 

Then recalling (3.1) and using (3.2) and (3.3), one has 

^^iq-'^'Ua,<r'^'u3) _ fl^qV" (Oa. 

i<4<A„ ^(«-^+'y-g-^+^y/3) Vi-V (9)a„' 

^(■^-j+iy^^^-j+iy^) r ^{va^yp) i^-s _ {tyfi/ya)xc {(it~'^yp/ya)xc 



i<iJJ<A^'^(« ^'^^2/") Le(9)(y^^y^)J {qyp/ya)x„ {y^Mxo 

TT TT a;(g~-^+^j/a,g~'+^j//3) 
M ■ x^i u;(g-'+iy/3,g-^+iya) 

«=lj=A^ + l 



^ (g?//3/ya)Ag (?//3/y«)Ag iq^"'^^typ/y^)xp (g-'"~-'^+'t~'l//3/j/«)Ag 

ityp/ya)xp {.qt-^yp/yc)xp {q^"-^^yp/ya)xf3 {q^''~^^^^yp/ya)xp 

Combining these factors, we obtain 

(-1)" ~(C) JTdML ^ TT Wa^ n (g^"~^"%M)A, (g^"-^^+^^-^y/3/ya)A, 

(1 - g)"n! cTt Fa(z; g, i) £i (g)A„ i< J/<,(a) (9'""^''y^/y«)A, (g^«-^''+'y/3/ya)A, 

J-J (g""-^^t''-°+^)A«-A. 



('(.Aa-A^+l^/J-aA 
l<a</J<£(A) As-Afj+i 

But one can easily find that the last expression equals to bx{q,t) using the form (1.15). 

3.1.2. Proof of (1.20). For a tableau T e RTb(A;m), define Oa,k and Aq as explained in §1.5. Then 
by the direct calculation we have 

n nn7.(rt«.rt*)-' (3.8) 

^ l<a<;9<^(A)i=l j=l 
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xnn n n n^-^ 

k=l a=l l3=a+l i=l j=l 
m ^(A) e„.fc Xfi 

xnnnn n 

k=l a=l P=a 1=1 j=i+\(^) 

By the formula (3.4) we find that 



. ,(fc-l) . o 



(3.9) 
(3.10) 



iim(d.«j- II (g-A/3i/3-a)^ (^t'^-a-l) 



(3.11) 



Note that the regularity of (3.8) at C = i is included in this equation. Similarly by the formula (3.6), 
(3.9) is regular at ^ = i and its value is 



m ^(A) ^(A) . . 

1^.(3.9)= nn n 



Aa -A^ ^^-cK+lx 



The rest term (3.10) is calculated by the formula (3.4) and (3.5): 



(3.12) 



iim(3.io)=nn[ 



Note that some parts of (3.12) and (3.13) are combined into the next form. 



(3.13) 



inn n , xi^-'^-x^^-'^sSu 



m e(X) , a«_aL'='+1\^ / a- 

r TT TT W Jgg.fc -TT W 



[n 



('7)a, 



n 



n 



iq-^H^-'')x^ iqt^-^)x^ 



l<a</3<£(A) 

(g-^/5t/^-")A 



1<«<|S<^(A) 
Therefore we have 



n 



1<q;</9<^(A)+1 



^3.13)- X n c''™-)^ 



i (i^(A)- 



(C) 7t(^) 



C^i'^^ 7i.(^) L ii (t^W-+i)A„ ii (g),, 



n n 

fc=l l<a</3<^(A) (g 



'^'^ ( gt^(^^-")A. n i!^ 



[n 



a(.'=-i)-a('=-i'+i^^_ 
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n-TT W ^ )8a,k "TT "TT Vl JOg.k fo -I A\ 

11 ^(fc-1), 1 ^ 11 11 ,(fc) , , • \'^-^^) 

fc=i i<a</3<£(A) (g ° " fc=i i<a<„s<^(A) (g " ^/3+i+lt/3-«+r 



Note that the function f{u) := {tu)oo/{qu)oo satisfies f(u)/f{q ^u) = {q ^~^^u)oo/ {q ^tu)oo- Then 
(3.14) can be rewritten into 

Finally, if T G SSTb(A;m), we have k > ^(A^*^)), Therefore it P > k then A^^^^ = A^^"^^ = 0. Thus 
one can see that 

(3-)^n n ^'f;. Xf? :;C -nw-.(^.'). 

fe=ll<a</3<^(A(fc-i)) /(g^" i^-") /(g^" fe=l 

which is '4)T{q,t). On the other hand if T € RTb(A;m) \ SSTb(A;m), one can see that (3.15) = 0. 
Using Proposition 1.14, we have the desired equality. 

3.2. Proof of Proposition 2.9. First we rewrite the relation of '^^^{z) and x^{w) given in Definition 
2.1 into the next adjoint form. 



exp ( ad6„ l'''''z-^)x^{w) = exp ( ^ ^ i(l - g")(l - i-")(l - p-")7^"/'(^)")a;±(«;), 

n>0 n>0 

exp ( - ^ ad6_„ -i'^l'^zAx^iw) = exp ( ± ^ i(l - g")(l - r'^)(l -;j-")7^'^/2^-)")a;±(w;). 

n>0 n>0 

Here we used the exponential form (2.2) of i/j^. Then we see that 

a{z)x^{w)a{z)-^ = exp - ^ ad^.^ „ )^^H 

n>0 ' 

( - E ^ '^-^'":.:^7^-''""' 7-^--'^'(^)")--c°>. (3-) 

n>0 ' ' 

^(z)x=^(u')^(z)"i = exp (^adb„ „^ 



n>o ^ 



n>0 ' 

We also prepare the operator product of a{w) and P{z), which is easily obtained from the definitions 
(2.9) and the commutation relations (2.3) of 6„'s: 

= a(.)/;(.)exp (E i " - ^""ir_';l" -^"> 7-"(f )"). (3.18) 

n>0 ' 

3.2.1. Proof of (1). Using (3.18) and (3.16), we see that 
a{z)t{w)a{z)~^ = a{z)a{w)x'^ {w)l5{w)a{z)~^ 

1 (1 -g")(l -t-")(l -p-") 



= a{w)aiz)x+iw)a{z) ^ p{w) x exp - ' _ ' ^7 "(-) 

n>0 

l(l-g") (l-t-' -)(l-p-")__,,z 



= a{w)x+{w)l3{w) X exp - ^_ „ 7 (-) 



n>0 
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n>0 



Thus we have [t{z),a{w)] = 0. The other relations [t{z),l3{w)] = 0, [t*{z),a{w)] = [t*{z), I3{w)] = 0, 
[t{z) , i/j"^ {w)] = [t*{z),'tp'^{w)] = also follow from equations (3.16)-(3.18) and we omit the detail. 



3.2.2. Proof of (2). Using the commutativity [t{z),a{w)] = given in (1), we have 
A{w / z)t{z)t{w) = A{w/ z)a{z)x'^ {z)P{z)a{w)x'^ {w)/3{w) = a{z)a{w)x'^ {z)x'^ (w) P{z) P{w) 



X exp 



(E 

n>0 



n 



1-r 



-2n 



■(7)"-E 



n>0 



n 



-7 



Here the first summation in the exponential comes from the Aiyj/z), and the second from transpo- 
sition of P{w)x'^{z) using (3.17). Thus we have 



A{w/z)t{z)t{w) = a{z)a{w)x+{z)x+{w)P{z)P{w) x exp ^(1 - - t"") (^)" 



V ^ n 

n>0 



a{z)a{w)x'^ {z)x'^ {w)/3{z)P{w) 



Then 



A{w/z)t{z)t{w) - A{z/w)t{w)t{z) = a{z)a{w) 



r(l-(zf)(l-rif 



Z ' 



-x'^ (z)x'^ (vS) 



(l-f)(l-p 

Now recall the relation of and x'^iw) given in Definition 2.1: 

-(^)'G'+(^)x+(z)x+H = G+(^)x+Hx+(z). 
Using this equation, the line (3.19) is rewritten into 

1 {-f 



x'^(w)x [z) 



(3.19) 



(3.20) 



(3.19) = 



+ 



(l-f)(l-pf)(l-p-if) (l-|-)(l-p^)(l-p-i^ 



G+(f)x+(u;)a;+(z) 



5(^ 



+ 



5(p^ 



+ 



-1 UI > 



G+(2i^)x+(u;)a;+(z). 



-(1 -p-l)(l -J?) (1 -J9-l)(l -p-2) (I_j9)(l-p2) 

Now from (3.20) and G^(\) 7^ 0, we see that b{w j z)G^ (w j z)x'^ (vj)x'^ {z) = 0. We also find from 
(3.20) and G+ip-'^) = that 5(pf )G+(f )x+(u>)x+(z) = S{p^)G+{p-^)x+{pw)x+{w). Similarly 
from (3.20) and G+(p) / we have d{p-^f)G+{^)x+{w)x+{z) = 6{p-^^)G+{p)x+{pz)x+{z). Thus 
after a short calculation we have 



(3.19) 



1-p 



5{p-'^)x+{pz)x+{z) - 6{p^)x+{pw)x+{w) 



Then we have the desired consequence (2.11). 

The equation (2.12) can be similarly shown, so that we omit the detail. 

3.2.3. Proof of (3). We apply the same method as in (2). Recalling Remark (2.8), we calculate 
B{'ypw/z)t{z)t*{'-fpw) — B{-f^^p^^ z/w)t* {-fpw)t{z). From the definition (2.13) of B[z), the commu- 
tativity [i(^), a(itj)] = given in (1) and the formula (3.18), we have 

B{^pw / z)t{z)t* {'ypw) = B{'yp^)a{z)x~^ {z)P{z)a{'yw)~^ x~ {w)(3{'y~^w)~^ 

= a{z)a{jw)~^x~^{z)x~ {w)l3{z)P{'y~^w)~^ 
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n>0 



^ ^ n 1 - 7-2" ^ ^Z^ J 



n>0 

A similar calculation shows that B{'jp^)t* {'ypw)t{z) = a{z)a{'yw)~^ x' {w)x'^ {z)P{z)l3{'y''^w)'~^ . 
Thus we have 

B{jp^)t{z)t*{^pw) - B{^p^)f{^pw)t{z) 

= a{z)a{'yw)~^ [x~^ {z)x~ {w) — x~ {w)x'^ {z)]P{z)P{j~^ w)~^ 

Using the expression of [x~^ (z) , x~ (w)] given in Definition 2.1, the expansion (2.2) and the defnition 
(2.9), one may immediately find that 

B{jp^)t{z)t*{jpw) - B{^p^)f{^pw)t{z) = iill^ii-i^ (5(7-^^)^0^ - 5(7^)C). 

Replacing w in the above equation with ^^^p^^w, wc have the desired equation (2.14). 

3.3. Proof of Proposition 2.13. Let us define a„^(j) := 1 ■ ■ ■ 1 ® an 1 ■ ■ ■ 1, where sits 



in the i-th tensor component. Then from (2.4) and (2.5) one finds that p^\bn) = — Yl^iLi c^n,(i)(l ~ 
in)(l _p-|n|)p(m-i+i)|n|/2/|^|^ Thus we have 

™ ,1 „(m— i+l)n/2 /-I _ f—n\(-\ _ ^—'n\ , 

Pi-\aiz)) = lla^^{z), <)(.):= exp(j;-^^ ,-i/2 _ , Jn/2 ' ^ »-n,W^"). (3-21) 

i=l n>0 ^ ^ 

^ /I i+l)n/2 (•-I _ fn\(-\ _ «\ n 

Pi^\m)=llm(^)^ /5«(-)-exp(-^-^ \_ il^, ' ^ VW^-")- (3-22) 



i=l n>0 



3.3.1. Proof of (1). We calculate each tensor component of Ai{z)Aj{w). First assume i = j. 

If k > i, then the fc-th tensor component comes from a'^^{z)(3^^{z)a^^{w)P^^{z). Under the 
normal ordering, the following coefficient arises. 

( - E ^1 - - V^-^-'^^^^nf)") • (3-23) 

n>0 ^ 



For k = i, the i-th tensor component comes from a^-j {z)ri{p ^^Z^^;)^^^ ('"^)'7(P ''"•'''^'i^)/S[^-) (^)- 

Under the normal ordering, the following coefficient arises. 



n>0 " 

1 _ „— n „ -1 _ „— n -1 _ „-n , (3.24) 

/ f:!^ ^ \2 (2m-i+l)n , ^ ^ mn , ^ P (m-i+l)n , 

I V ]^ pmn ' ^ 2 pmn ^ ^ pinn ' S J ' 

li k < i, then the fc-th tensor component is a'Q^s^{z)(p~ {p~^'^'^~^^/^z)P'^^^{z)a^^{w)(p~ {p~^'^'^~^^/'^w) 
P^^(w). The normal ordering coefficient is 

n>0 ^ ^ 

By simple calculations, the product of (3.23), (3.24) and (3.25) is shown to be fi,m{w/z)~^. Thus 
the statement holds. 
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Next we consider the case i < j. li k < i, then the normal order coefHcient is the same as (3.25). 
For k = i, the normal order coefficient is 



n 

n>0 



1 o 1 n-" n n-"'\2 , (3.26) 

f P \2 (2m-i+l)n , ^ P mn , U P ) (m-i+l)n , ^ _ -n 

I V ]^ pmn ' ^ ]^ pmn ^ ]^ j^mn ^ ^ ) J ' 



n>0 ^ ^ 

; = j, then the normal order coefficient is 

( - E ^1 - - V^™-+^)" + (3.28) 



If A; > j, then the normal order coefficient is (3.23). The product of (3.25), (3.26), (3.27), (3.28), 
(3.23) is equal to fi^miw/ z)~^^^{z,w; q,p). Thus we obtain the result. 
The case i > j is similar, so we omit the detail. 

3.3.2. Proof of (2). The desired equation is equivalent to 

m 

pj™)(a(z) • • • a{p"^-'z)) : Mp'-'^) ■■ P^^^iPiz) ■ ■ ■ P{p"'-'z)) = 1. 

k=l 

We will show this equation by comparing each tensor component. 

By (3.21), the k-th tensor component of py^\a{z) ■ ■ ■ a{p'^~'^z)) is equal to 

exp ( - ^ i (1 - t-")p(2"*-'=-iW2^_„z") . (3.29) 

n>0 ^ 

Similarly, the A;-th tensor component of p^y"\f3{z) ■ ■ ■ /3(p™~^z)) is equal to 

exp ( ^ ^ (1 - r ")p(-'=+i)"/2a„z-'^) . (3.30) 



n 

n>0 



The fc-th tensor component of : nfcLi^fc(p'^ ■ is 

: r?(p-('=-i)/V"'^)v'"(p-^''-'^/V^)<^-(p-^''-'^/V+'^) • • • ^-(^-(2"-^)/^"^-^^) : 
= exp ( ^ i:ipp"(2m-/.-l)/2^_^^n^ exp ( - i^p-"(fc-l)/2«^^-n) (3.3I) 
n>0 n>0 

It is easy to see that (3. 29), (3. 30) and (3.31) cancel. Thus we have the consequnce. 
3.3.3. Proof of (3). The desired equation is equivalent to 

i~l m 

p^^\a{p-^z)---a{p^-^z)) : nAfe(/-^^) J[ Mp''^ ^) ■■ P^^K^i^) ' ' ' f^ip"^'^ ^)) 

k=i l=i+i (3.32) 

= A:(p(™-2)/2^). 

We will show this equation by comparing each tensor component. 



KERNEL FUNCTION AND QUANTUM ALGEBRAS 

As in (3.29) , the k-th tensor component of p^y^\a{p~^ z) ■ ■ ■ a{p"^~'^z)) is equal to 

exp ( - ^ i(l - fc-3)n/2^_^^nj _ 
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(3.33) 



n>0 

The fc-th tensor component of p^\/3{z) ■ ■ ■ /3(p™^^z)) is given by (3.30). 

The A;-th tensor component of : YTk^i ^k{p''~^z)]JiLi+iMip''~'^z) '■ depends on k. If A; = i, then 
by Lemma 2.6 and some simple calculations, the component turns out to be 

<^-(p-(2^-l)/y-l^)<^-(p-(2i-l)/y^) . . . ^-(^-(2i-l)/4^r„-2^) 

1 - r 



exp 



n>0 



n 



n(m—i) ^ 



(3.34) 



Similarly, if A; < i, then by Lemma 2.6 the component is 

: r/(p-('=-i)/V-'^)¥'-(p-^''-'^/V^)¥'-b-^''-'^/V+'^) • • • (^-(p-^'^-'^/V-'^) 



= exp ( ^ 



1 



n>0 



n 



-p 



,n(2m-A;-3)/2 



a_„z I exp 



n>0 



1 -i" 



n 



-P 



-n(fc-l)/2 



(3.35) 



If A; > z, then by Lemma 2.6 the component is 

. r,(p-('=-i)/V-'z)¥'-(p-^''-'^/V-'^)</'-(p-^''-'^/V^) • • • <^-(p-('^-^)/V-'2) 



exp 



1 -t"" 



n 



^n(2m-fc-3)/2^_^^,„ 



1 - r 



-n(fe-3)/2 



(3.36) 

n>0 n>0 

Then the i-th tensor component of (3.32) is the product of (3. 33), (3. 30) and (3.34). After a short 
calculation, one finds that it is ^{p^^~'^^^'^z), which is the i-th component of A*(p*^™~^)/^z). 

If A; < then the A;-th tensor component of (3.32) is the product of (3. 33), (3. 30) and (3.35). It is 
1, that is, the A;-th component of A*(p("*~^)/^z). 

Finally, for k > i, the A-th tensor component of (3.32) is the product of (3. 33), (3. 30) and (3.36). 
It turns out to be (p~ (p^'^^^^^^'^z), which is the A-th component of A*(p(™^^)/^z). 

3.3.4. Proof of (4). From the known identities (2.20) and (2.22), it is not difficult to calculate 
n™r=\ fi.m{p-''+'w/z)] A*{z)A*{w) in terms of A,,'s. 
First we consider the case i = j. From the operator product (2.20), we have 

m— 1 

[ n /i,m(p-'+'f )]a:(^)a*(^) 



k,l=l 

m—2 m—l 



m—1 k—l 



-k+lw^ 
z I 



[n n T.(P-'*'f)][nn7-(p 

k=\ Z=fc+1 fe=2 l=\ 



■.k*{z)K{w): 



n>0 



\-p- 



l_pn (7) J ■■ : . 



Here we used the abbreviation 7±(^) '■= l±{z,w\q,p). Then we have 



m— 1 



[ n /i.-Cf'"'^ 7)] X exp ( - 5^ -(1 - g")(l - t--)—^ 



\ — p-n{m—2) 2 _ pn{m-l) 



kd=l 



exp 



n>0 



P' 



\-p^ 



^ 1 (1 - g")(l - r")(l - ,W,n\ _ , 

2^n i-r,mn y^) ) -nMz) 



n>0 



1-p" 
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Thus the desired equation j)A*(2;)A*(?/;) =: A*(2;)A*('u;) : is proved. 

Next, note that the calculation of the case j reduces to that oi k = i. lii < j, then 

h^^{^)K*{z)k*{w) =: A*{z)A*{w) : =: A*{z)A*{w) : 7-(f )• 

At the last line we used the formula 'y-{z)/j+{pz) = 1. For the final case i > j, we have 

7_(p-if)-J-i 
Thus all the cases arc proved. 

3.3.5. Proof of (5). This is similary shown as (2) and (3), so we omit the detail. 
Acknowledgements. S.Y. is supported by JSPS Fellowships for Young Scientists (No.21-2241). 
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